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The polymer collapse transition has been the subject of
continuing interest since the first work by Flory! in 1949.
A useful recent review by Williams, Brochard, and Frisch?
shows the status of the field. The present paper does not
contribute new knowledge. What it does is derive the main
features of polymer collapse with what I think is the sim-
plest possible treatment. Hopefully, this paper will prove
useful to (1) students, (2) others interested in under-
standing the basic physics with a minimum expenditure
of time, and (3) those who cannot follow the more com-
plicated treatments for whatever reason.

Theory

Since the treatment is so simple, we begin with the
result.

[R2 exp(—bZRz)][n—l(l - jB/R¥)] [ exp {nx(l _n )}]
/=0 R?
(1)

W is the weighting factor (Boltzmann factor) associated
with a single polymer molecule of size R, where R is taken
to be the end-to-end length. The first term in square
brackets is proportional to the total number of configu-
rations of a chain of n segments (b = 3/2nl?, where [* is
the mean square length of a segment along the contour
length of the chain). If there were no interferences between
segments, the first term would be all that is needed and
(R?) would be proportional to n. This can be verified
either by using the definition of (R?), for which case

B = f “R* exp(-b?R?) dR/ f. "R? exp(~b?R?) dR =
nl? (2)

or by finding the value of R (R,,) that maximizes the first
term

Rm2 = 2/3nl2 (3)

The second term of eq 1 corrects for excluded volume.
Let us generate one of the shapes enumerated by the first
term by constructing the chain one segment at a time
beginning at one end. The construction will be successful
only if each of the n contiguous segments shows no overlap.
We must therefore estimate the probability that n con-
tiguous sites are all empty. We will use the approximation
that the probability that a site is empty given that j seg-
ments have already been placed down is 1 ~ jI3/R3, This
“volume fraction of emptiness” term is obtained by as-

tStockmayer’s abilities and efforts as a teacher should be ac-
knowledged in this honorary issue, not only his publications. This
paper constitutes a very simple way to derive the properties of ex-
panded and collapsed states in isolated polymers and it should prove
useful for the instruction of students.

suming that the previously placed segments can occupy
the given site with a probability proportional to their
volume fraction. The joint probability that the n conti-
guous sites are all unoccupied is obviously given by the
second term of eq 1.

The third factor is the usual energetic term that mea-
sures the heat of mixing n polymer segments viewed as
being distributed at random with (R/!)® - n solvent mol-
ecules. The volume fraction of solvent is V, = 1 — nl®/R?
and the x parameter is x = z(e*! - (egp + €11)/2).

Equation 1 contains all the physics of both the expanded
and collapsed states. It remains for us only to extract the
information. This is strictly a mathematical question and
introduces no new physics. The most straightforward
approach would be evaluate various moments (R?)

(R4 = j;QRdeR/j;deR @)

as a function of the variables n, [, and x. However, these
integrals cannot be done in closed form. The other way
is to evaluate the value of R that makes W a maximum
{maximum term method). This method results in ana-
lytical formulas and has the advantage that it can be
compared to previous treatments that also use the maxi-
mum term method, but as eq 2 and 3 show, there may be
some slight inaccuracies introduced. The value of R that
maximizes W is easily shown to be

a® = Yo = -n'2[naf(In (1 - 2% + nV2a®) + x]
(5)

wheré « = R/(nl)}/2. In obtaining (5) it was useful to
replace the second term by

n-1 jB R/

i-=})=

j=0 R3 [(R/D? - n][R/D3"
and to maximize the In W.

We can compare this to the original Flory result by
expaning the In term.

(6)

a® - Yo = n12[% - x] + n3/208( 3. (n*%a73 /R))  (T)
k=3

The right-hand side descends in powers of n!/? so that for
a > 1 we have for n large

of ~ %ot = ni/2[}; - x) ®)

which is the Flory result except for the unimportant
coefficient of 2/; multiplying o®. There is a simple way to
get rid of this coefficient. If we were to have maximized
RW rather than W, then eq 3 would read R, = nl% which
is identical with eq 2. This suggests that we maximize RW
in the more general problem. The only effect is to change
the left-hand side of eq 5, 7, and 8 from % - /3508 to &®
- aa.
When !/, - x > 0 we have
o = [ = x]'/ont/19
R? = [y — x]2/5n8/512
which means that R? varies as n®/>
As x becomes greater than !/,, eq 8 gives a nonsensical
result, the only real solution for « being negative. To
understand the collapse transition one must resort to eq
5. The fact that the bracketed part of the right-hand side
is a function of nl/2a3 suggests that we use o = an/6 ag
a trial solution. Then we obtain
Adn5/6 — %, A3n73/8 = —pl/2[A8(In (1 ~ A% + A3) + x]
(10)

expanded polymer (9)
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Figure 1. Expansion factor o? vs. normalized temperature for
various values of molecular weight.

For large n the left-hand side is zero, and A can be
chosen to make the right-hand side zero. We therefore
have

a = Anl/®
R? = A%n?/3]2  collapsed polymer (11)
The value of A is calculated by equating the right-hand
side to zero. Retaining the first three terms in the ex-
pansion of In (1 — A™%), we obtain

A= [8(x - RT3 (12)

Figure 1 displays the collapse transition o? vs. (2x)™* for
various values of molecular weight. As the molecular
weight becomes larger, the transition becomes sharper and
sharper. One might be tempted to conclude that the
transition is first order, but as we now show, this is not
the case.

To determine the order of the transition we write the
energy in reduced units (F = —«Tln W, S = -9F/aT, U
= F - TS).

U

E= «Txn

=1-nl23 (13)

In Figure 2 we display E vs. (2x)! curves for various n.
These curves were obtained from eq 13 and 5. It is
“gvident” that in the limit of infinite molecular weight we
obtain a second-order transition in the Ehrenfest sense.
It is a curiosity that in polymer science second-order
transitions in the Ehrenfest sense have appeared in four
different problems: (1) the helix-random coil transition
in DNA,? (2) the isolated polymer adsorbed to a plane
surface,! (3) the glass transition,® and (4) the collapse
transition. The first two cases are exact treatments of
models while the second two cases are approximate
treatments of models. In all of the rest of physics and
chemistry there are not this many second-order transitions.
However, because we should be working with

F=—KT1n(deR) (14)

rather than with F = —«T In W the above arguments for
the order of the collapse transition are not conclusive.
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Figure 2. Normalized energy vs. the normalized temperature
for various molecular weights.

One should also point out that the order and nature of
the transition have been the source of much discussion,
some claiming that it is sensitive to the exact nature of the
segment-segment interaction.®

The functional form of the limiting curves (n = «) can
be obtained from eq 13 provided we are not too close to
x =1/, Above the critical temperature, substituting eq
9 into eq 13 we obtain

Now in the x > !/, region we can relate x to E by solving
eq 13 for n/2a® and placing it into the right-hand side of
eq 5, which we equate to zero.

(1-E+Ink)

1-Ep X > (16)

X=

Discussion

This treatment is very much like the 30-year-old
treatment of Flory,” with two minor differences: (1) Our
intuition is addressed to probabilities in the partition
function W (eq 1) while Flory worked more with free en-
ergies, which are logs of probabilities. It is more funda-
mental as well as simpler to deal with the partition func-
tion since thermodynamic quantities are derived from W
and not inversely. One needs more intuition to deal with
the derivative quantities directly. (2) Our treatment gives
the actual (n%°)rds law as well as the (6/5)ths law.

The method is easily generalized to d dimensions. In
eq 1 we replace (!/R)® by (//R)¢ and the first R? term by
R%1 since it represents the surface area of a d-dimensional
sphere and use b = d/2nl% The result is
d-1

d d
dn?/%a2 —dN(-d+2)/2 —d+2)/2 X
———3-—-[11‘1 (1 - o dNTCA+D/2) 4 NCd+2)/2,-d] 4 TR

(17)
Were we to maximize RW rather than W, then the coef-
ficient (d — 1)/d on the left-hand side would be 1. This
formula gives reasonable results even for d = 1! By ex-
panding the In term and considering terms to second order
we obtain

d+2

a®te — al =
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R,? « NO/@+2)
Ry = N,

1<d=<4

4<d expanded state (18)

which gives the correct results for all d greater than or
equal to 1. For the collapsed state we use ¢ 2N9+2/2 =
A as a trial solution

Ry? « N4

which again is the correct result for all d.

Modification of our treatment places us in contact with
existing work. Were we to use the radius of gyration S
rather than R as our measure of polymer size and were we
to take better account of the energetics, then the resuit
would be very much like the Sanchez development.?

Our treatment should prove useful when attempting to
solve a larger polymer problem in which excluded volume
is only one factor. Common sense then suggests that the

collapsed state (19)

“simplest possible treatment” for the excluded volume
problem would be most easily incorporated into the solu-
tion of the larger problem.
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Communications to the Editor

Concentration-Dependent Relaxation Times of
Linear Polymers in Dilute Solutions

The relaxation of a distorted polymer chain in dilute
solutions to its equilibrium configuration has been of
considerable experimental and theoretical investigation
over the past several decades.! Extensive studies!™ of the
oscillatory flow birefringence and linear viscoelastic
properties of polymer solutions have provided much insight
into this relaxation process. Experimental work has shown
that the intermolecular interactions (both hydrodynamic
and excluded volume) occurring in dilute solutions affect
the relaxation times of the various “Rouse-Zimm modes”
significantly. The measurements of the flow birefringence
and the viscoelastic properties of linear chains by Schrag
and co-workers?® show that the longest relaxation time is
affected the most by the presence of other chains. Re-
cently, the initial concentration dependence of the relax-
ation time (7,) of the pth mode of the bead—spring model
has been derived by Muthukumar and Freed® to be

/70 = 1+ cAp™ + ... 1)

where 7, is the value of 7, at infinite dilution, c is the
polymer concentration, A is a constant in units of inverse
concentration and « is a positive constant. Both A and «
depend on the strength of the excluded volume interaction.
x is 0.5 in © solvents and 0.65-0.80 in good solvents. The
experimental data of Schrag and co-workers®® and Dill’
on a variety of polymers show that the mode dependence
of 7, given by eq 1 is an adequate description at low con-
centrations of c[n] < 1, where [n] is the intrinsic viscosity.
The oscillatory flow birefringence data on the linear
390000 MW PS and the 400000 MW PMS for 1 < c¢[n]
< 5 show that 7,(c[n]) can be empirically fitted®* by

75 = 7, exp(Acp™) (2)

For ¢[n] Z 5, the experimental data deviate from eq 2.
Here we present a simple derivation to obtain the non-
linear dependence of 7, on c.

By considering the interplay of the equilibrium screening
length (due to the excluded volume effect) and the dy-
namic screening length (arising from the hydrodynamic

interaction), Muthukumar and Edwards®'® have recently
derived the following coupled equations for the shear
viscosity () of the polymer solution as a function of
polymer monomer density p and the chain contour length
L (see eq 20-22 of ref 8)

(n=m0)/mo = }!1_13 R 2Eg*(k) 3)
pl = (k?l,/3)J(q)
-2 -

0 = S T Y @

T )t

-1 = 1 .. j2 j2l1/3
7 3w2nofo Y r a0 (1211)2 ’

s )Y

Here, 7, is the shear viscosity of the solvent and [ is the
Kuhn step length. The variables k and j are wavevectors
which are Fourier conjugate variables to the spatial pos-
ition. The g variable is a wavenumber conjugate to the
arc length position of a monomer along the chain config-
uration. This mode variable ¢ is related to the pth
“Rouse-Zimm mode” through ¢ = 2rp/L. These equations
are the generalization of the original equations of Freed
and Edwards!! for O solutions to non-8 conditions. [; is
the renormalized Kuhn step length due to the excluded
volume effect and is dependent on both ¢ and the static
screening length, £,, through (see eq 4.9 and 6.1 of ref 9)

3¢ \*( 6qt.
I'Ss( q) (qE —1)
la(l 1) 12w, h h
1 =

[ T 369%,* ©
1+ —
where
6wp/l
23—2 - # (7)
L4 2L
8w [2
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